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ANNOTATSIYA

Ushbu magolada o‘zgaruvchilariga bog‘lig funksiyasi ma’lum shartlarni
ganoatlantiruvchi va o‘zgaruvchilarga boglig go‘shimcha shartlar bilan berilgan
tengsizliklarni isbotlash usulini ko‘rib o‘tamiz. Bunda berilgan tengsizlik funksiyasi
orgali yangi qo‘shimcha funksiya yaratish talab etiladi. Bunday tengsizliklarga [1] va
[2] adabiyotlarda ham misollar keltirilgan.

Kalit so‘zlar: tengsizlik, funksiya, uzluksizlik, Lagranj funksiyasi, differensial,
xususiy hosila, lokal ekstremum, Koshi tengsizligi.

THE METHOD OF LAGRANGE MULTIPLIERS FOR PROVING
CERTAIN INEQUALITIES

ABSTRACT

In this article, we will consider the method of proving inequalities in which
functions of their variables are continuous and differentiable and for those variables
are given some conditions. In this given inequality, it is required to create a new
additional function through the function. Examples of this kind of inequality are also
given in the literature [1] and [2].

Keywords: inequality, function, continuity, Lagrange function, differential,
partial derivative, local extremum, AM-GM inequality.

METOJ MHOXWUTEJEN JIATPAHXKA JJI5I JOKA3ATEJIBCTBA
HEKOTOPBIE HEPABEHCTBA
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AHHOTAIUA

B nanHOl cTaThe MBI pACCMOTPUM METOJ JOKa3aTEIhCTBA HEPABEHCTB B KOTOPHIX
(GYHKIIMHA CBOMX TIEPEMEHHBIX HEMPEPHIBHBI U TU(DPEPEHIIMPYEMBI, a TAKKE TSI TEX,
MEPEMEHHBIM 3aJ]JaHbl HEKOTOpBIE YCJIOBHUS. B JaHHOM HEpaBEHCTBE HEOOXOIUMO
co37aTh HOBAsl JOMOJHUTENbHAs (QyHKIMS depe3 QyHKIMIO HepaBeHCTBaA. [Ipumepsl
TaKOI'0 poJia HEPaBEHCTBATAK)KE IIPUBEACHBI B Tuteparype [1] u [2].

KiroueBble cioBa: HEpaBeHCTBO, (GYHKIHMSA, HEMNPEPHIBHOCTh, (YHKIIMS
Jlarpamka, muddepeHnman, dYacTHas NPOU3BOIHAS, JIOKAIBHBIA AKCTPEMYM,
HepaBeHCTBO Komm.

Teorema. (Lagranj ko‘paytuvchilari teoremasi) f(x,%,,..%x,) lcO"

ajralmaydigan sohada uzluksiz, differensiallanuvchi funksiya bo‘lsin, shuningdek
0, (X, %y, X, ) =0, i=12,...k (bu yerda k <m) shartlar ganoatlantirilsin. U holda

f funksiya 1 sohaning chetki nugtalarida yoki L= f —Zk:ﬂ,gi Lagranj funksiyasining

i=1 I
xususiy hosilalari (x,x,,...,x,, bo‘yicha) nolga teng nuqgtalarida g,(x,x,,...,x,,) =0,
i=12,..,k shartlar bilan berilgan shartli ekstremumga erishadi [1, 177-b.].

Yuqoridagi teoremaga binoan tengsizliklarni isbotlashga doir bir gancha
misollarni ko‘rib o‘tamiz:

1. X,y,z<1 haqgiqiy sonlari x+y+z=1 tenglikni ganoatlantiradigan bo‘lIsin.
U holda quyidagi tengsizlikni isbotlang [1, 185-b.]:
1 1 1 _2

+ + <=
1+x* 1+y? 1+z° 10

1 1 1 27

Isbot. f(x, y,z):1 ~+ + -~ va x+y+z=1 dan foydalanib Lagranj

+x° 1+y* 1+z* 10

funksiyasini tuzamiz:
1 1 1
L(x,y,2)= + + —AX+y+z-1
(x.y.2) 1+x* 1+y® 1477 (x+y )
f(x,y,z) funksiya | c0?® sohada uzluksiz va differensiallanuvchi. L(x,y,z)

funksiyaning xususiy hosilalarini topamiz:
oL 2x oL _ 2y oL 22
ox  (1+x%)?

§ vy b a way

Teoremaga asosan M(x,y,z) nuqtani topishimiz kerak, ya’ni M nuqgtada L
oL

oy
2X 2y 22
—_ =2 =0 -—-—2X =0 -—2°__1=0
(L+x%)? (1+y?)? (1+z%)?

funksiyaning xususiy hosilalari nolga teng: %)L((M): (M):%(M):O
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2X 2y 2z

2X 2y 22
/1 B = = 1 - = =
: (1) 1+x* 1+y* 1+7°

14X _1+y2__1+z
X(L+y?)? = y(1+x*)* = X=Y)Xy(X*+xy+y)+2xy-1)=0 =
x=y YOKi xy(x*+xy+y*)+2xy-1=0
Xuddi shunday, quyidagi tengliklarga ega bo‘lamiz:
y=2 YoKi yz(y*+yz+2z°)+2yz-1=0
x =2z YOKI xz(x*+xz+2?)+2xz2-1=0
Izlanayotgan nugtalarni topish uchun quyidagi holatlarni garash magsadga
muvofig bo‘ladi:

1) X=y=2 = X=y=1=- = Al=- 3 =_£ — Ml(%’

( j
9

Xy(x* +xy +y?)+2xy—-1=0
2) X2y#2 = yz(y?+yz+2?)+2yz-1=0 =  ushbu sistemadagi
Xz(X* +xz+2°)+2x2-1=0

Wl
Wk
~—

1
3

tenglamalarni bir-biridan ayiramiz:

Xy(X2 +xy + y2)+2xy —1-yz(y* + yz+ z2°) - 2yz+1=0 =

= y(X=2)(X* +y*+ 22 +xy+yz+x2+2)=0

Xy(X2 + Xy + y2) +2xy —1-xz(X* + X2+ 2?) -2xz2+1=0 =

= X(Y-2)(X* +y* +2° +xy+yz+x2+2)=0

yz(y? +yz+2°)+2yz-1-xz(x* + xz2 +2°) - 2x2+1=0 =

= 2(y-X) (X +y*+2° +xy+yz+x2+2)=0

(1) tenglik va x+y+z=1 bo‘yicha x=0, y=0, z=0. Shuningdek, x=y=z
ligidan ko‘rishimiz mumkinki:

(2) X+ Y +2P Xy +yI+x2+2=0 =

2X2 +2y% + 227 +2Xy + 2yz + 2X2 = -4

(X+ Y)Y +(y+2)°+(x+2)° =-4

Yuqoridagi tenglama yechimga ega emasligidan, M, nugta f funksiya shartli
ekstremumga erishadigan yagona nuqta. Endi esa, f funksiya shu nugtada eng katta
giymatiga yoki eng kichik giymatiga erishishini aniglash lozim. Buning uchun L
Lagranj funksiyasining ikkinchi tartibli differensialining M, nuqtadagi ishorasini

aniglash zarur.

1 1 1 27
L(x,y,2)= +—(xX+y+z-1
(x,y,2) Tixl 50( y )

+ 2+ 2
+Xx° 1+y° 1+z
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2X 2y 22
_ dx dy
Wy ey Y Y ar 2y

_ 2 _ 2 _ 2
dzL = —2((:::: 3)2()3 dX2 + (i 3)2/)3 d 2 + (1 35)3 dzzj
+ X +y +2

27
dz+—(dx+dy+dz
50( y +dz)

2 9
d’L(M,)=-2-=-—

(M.) 3 10°
Demak, M, nugta f funksiya shartli lokal maksimumga erishadigan nuqgta.

f(M1)=f(l,1,1)= 11+ 11+ 11 _2 f(x,y,z)gz
333 145 1+ 1+ 10 10
3 3 3

(dx® +dy® +dz?) = —%(dx2 +dy®+dz*) <0

1 1 1 27
+ + <—
1+x* 1+y* 1+z* 10
2. a,b,c >0 haqgiyqiy sonlar hamda a*+b*+c® =3 bo‘lsin. U holda, quyidagi
tengsizlikni isbotlang [1, 185-b.]:
a’(b+c)+b*(@+c)+c’(a+h)<6

Isbot. f(a,b,c)=a’(b+c)+b’(a+c)+c’(a+b) va a*+b*+c” =3 ekanligidan foyda-
lanib Lagranj funksiyasini tuzib olamiz:
L(a,b,c)=a’(b+c)+b*(a+c)+c*(a+b)—A(a®+b*+c*-3)

Endi esa, L funksiyasi uchun xususiy hosilalarni topib, nolga tenglaymiz:

%=3az(b+c)+b3+cs—2aﬂ = 3a’(b+c)+b’+c’-2a1=0

%=a3+3b2(c+a)+c3—2bﬂ = a’+3p’(c+a)+c®-2b2=0

%=a3+b3+3c2(a+b)—2c/1 = a’+b*+3c’(a+b)-2cA1=0

_ 3a’(b+c)+b’*+c? _ a®+3b*(c+a)+c’ _ a’+b®+3c?*(a+b)
2a 2b 2C
(3a’(b+c)+b*+c*)b=(a’+3b°(c+a)+c’)a
3a’b? +3a’bc+b* +bc® =a* +3b’ca+3b%a’ +c’a
(b—a)(-3abc+c®+(b+a)(b’+a®)=0

Bundan ko‘rishimiz mumkinki, a=b yoki (a*+b?*)(a+b)+c®=3abc.
(@%>+b?)(a+b) > (a> —ab+b?)(a+h)
(@®>+b*)(a+b)>a’+b°

Koshi tengsizligi bo‘yicha quyidagi natijalarga ega bo‘lamiz:

(@2 +b*)(a+b)+c®>a’+b*+c®>3abc = (a®+b?)(a+b)+c?=3abc

Xuddi shunday, b=c va a=c tengliklari kelib chigadi. Demak, a=b=c=1.

A
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_3:-2+1+1
2
L(a,b,c)=a’(b+c)+b*(c+a)+c*(a+b)—4(a*+b*+c*-3)
dL = (3a*(b+c) +b’® +c* —8a)da+ (a® + 3b*(c +a) +c* —8b)db + (a® + b* +3c*(a+b) —8c)dc
d’L = (6a(b + c)da + 3a*(db + dc) + 3b*db + 3c*dc —8da)da +
+(3a’da+ 6b(c +a)db + 3b*(dc + da) + 3c*dc —8db)db +
+(3a’da +3b*db + 6¢(a + b)dc + 3¢ (da + db) —8dc)dc
d’L(M) = 4da® + 4db® + 4dc® +12dadb +12dbdc +12dadc
a’+b’*+c*=3 = 2ada+2bdb+2cdc=0
M nugta uchun da+db+dc=0 = da=—(db+dc).
d?L(M) = 4(db+ dc)? + 4db? + 4dc? +12(db + dc)(—db —dc) +12dbdc =
d?L = —4(db? + dbdc + dc?) < 0
Bundan ko‘rinib turibdiki, M nugta lokal maksimum va f(a,b,c)< f(M).

yl 4 M (L11) -

f(1L1,)=1-2+1-2+1.2=6 = a’(b+c)+b’(c+a)+c’*(a+b)<6 |
3. a,b,c>0 haqiyqgiy sonlar hamda a+b+c=1 bo‘lsin. U holda quyidagi
tengsiz-

likni isbotlang [2, 9-b.]:
5(a® +b*+c?)<6(a®+b*+c*)+1
Isbot. f(a,b,c)=5(a*+b*+c?)-6(a’+b*+c’) va a+b+c=1 ligidan foydalanib
Lagranj funksiyasini tuzib olamiz:
L(a,b,c)=5(a® +b*+c?)—6(a’+b*+c*)-A(a+b+c-1)

L funksiyaning xususiy hosilalarini nolga tenglaymiz:
Z—L =10a-18a°-1 = 10a-18a°-1=0
a

% =10b-18b* -1 = 10b-18b*-1=0

%:100—18&—/1 = 10c-18¢*-1=0

A=10a-18a’ =10b -18b* =10c —18c?
10(a—b)=18(a—b)(a+b) = a=b yoki a+b=g = c=g
Xuddi shunday:
b=c yoki a=g va a=c YoKi b=g
Quyidagi holatlarni garaymiz:

1 111 4
1 =b=c== M, =,=,= =—
) a =3 7 1(333) = A 3
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14 4 41 4 4 41 . . .
2 M,| =,=,—|, M.|=,=,= 1|, M,| =,—,= | nugtalar uchun 2 ning giymati bir
) 2(999] 3(999) 4(999) a gay
xil:
A =10a—18a® =10b—18b* =10c —18c? =g
L(a,b,c)=5(a® +b*+c*)-6(a’+b*+c®)-A(a+b+c-1)
dL =10ada +10bdb +10cdc —18ada —18bdb —18c?dc — Ada — Adb — Adc
d?L = (10-36a)da” + (10 —36b)db? + (10 — 36¢)dc?

Ml(%%%j = d’L(M,)=-2(da’ +db*+dc’*) <0 = M, nugta lokal maksimum.
9 9 9 27 27 27) 3 3
Endi esa, boshga nugtalarni ham ko‘rib chigamiz:
a+b+c=1 = da+db+dc=0. M, nuqta uchun:

0 6 :
d*L(M,) =6da* —6db’ —6dc® =12dbdc A:‘G 0‘=—36<O = M, nugta uchun funksiya

shartli ekstremumga ega emas
[3, 106-b.].
Xuddi shunday, M,,M, nuqtalarda ham shartli ekstremum mavjud emas.

Demak, M, nugta yagona ekstremumga erishiladigan nuqta va quyidagi tengsizlik

o‘rinli:

5(a® +b*+c?)<6(a®+b*+c*)+1 ]
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