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AHHOTAIMS

Jumista aralas tuwindili ekinshi tartipli turaqli koefficientli elliptikaliq tehlemesi
ushin spektralliq masele tuwr1 muyeshli oblastta qaralgan. Bul mésele ushin 6z-6zine
tuyinles ham on aniglangan operatorli shekli ayirmali sxema duzilgen ham diskret
maselenin birinshi menshikli manisi berilgen maselenin birinshi menshikli manisine
jiynagl bolatugini ham diskret maselenin birinshi menshikli funkciyasi berilgen
maselenin birinshi menshikli funkciyasina halsiz jiynaqli bolatuginligi dalillep
korsetilgen.

Giltlik sozler: menshikli manis, spektralliq masele, shekli ayirmali sxema,
tuwtimuyeshlik, 6z-0zine tlyinles operator, halsiz jiynaqlilig.

ANNOTATSIYA

Ishda aralash hosilali doimiy koeffitsiyentli ikkinchi darajali elliptik tenglama
uchun spektral muammo to‘g‘ri burchakli hududda garalgan. Vazifa uchun o‘z-
o‘zidan bog‘langan va ijobiy aniglangan operatorli chekli ayirmali sxemasi tuzilgan va
diskret vazifaning birinchi o‘ziga xos giymati berilgan masalaning birinchi o‘ziga xos
giymatiga yaginlashivi va diskret vazifaning birinchi oziga xos funkciyasi berilgan
masalaning birinchi o‘ziga xos funkciyasiga zaif yaginlashivchanligi isbotlangan.

Kalit so‘zlar: xususiy giymat, spektral muammo, chekli ayirmali sxema,
to‘rtburchak, o‘z-o‘zidan bog‘langan operator, zaif yaginlashivchanlik.

AHHOTAIUA

B pabote paccMoTpeHO clieKTpanibHas 3aaya JIjs JUITMITHYECKOTO YpaBHEHUS
BTOPOTO MOPSJKA CO CMEIIAHHON MPOU3BOAHON U C MOCTOSHHBIMU KO3 PUIIMCHTaMU
B MpSMOYrojibHOM oOnactu. [l 3agaud  mocTpoeHa pa3HOCTHAas cxeMa ¢
CaMOCOIIPSKEHHBIM U TIOJIOKHUTENBHO OINPEJEICHHBIM ONEPaTOpOM M JIOKa3aHbl
CXOJUMOCTh TEpBOM COOCTBEHHOW 3HAYEHWW JAMCKPETHOW 3aJladyd K TEpPBOMY
COOCTBEHHOMY 3HAYEHUIO HMCXOJIHOM 3aaud W cialdasg CXOJUMMOCTh TEpPBBIN
COOCTBEHHOU (PYHKIIMU TUCKPETHON (PYHKIIMM K MEPBOMY COOCTBEHHOMY (DYHKIIHIO
UCXOJTHOHU 3aJayun.

KuaroueBble ci10Ba: coOOCTBEHHbIE 3HAYCHUSI, CIIEKTpaJIbHAS 3a/1a4ya, pa3HOCTHAs
cXema, IPSIMOYTOJIbHUK, CAMOCONPSKEHHBIN olepaTop, ciiadast CX0IMMOCTbIO
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ABSTRACT
The paper considers a spectral problem for a second-order elliptic equation with

a mixed derivative and constant coefficients in a rectangular region. A difference
scheme with a self-adjoint and positive definite operator is constructed for the problem
and the convergence of the first eigenvalue of the discrete problem to the first
eigenvalue of the original problem and the weak convergence of the first eigenfunction
of the discrete function to the first eigenfunction of the original problem are proved.

Keywords: eigenvalues, spectral problem, difference scheme, rectangle, self-
adjoint operator, weak convergence

Jumaista aralas tuwindili ekinshi tartipli turaqli koefficientli elliptikaliq tenlemesi
ushin spektralliq masele tuwr1 miyeshli oblastta gqaralgan. Bul masele ushin 6z-6zine
tuyinles hdm on aniglangan operatorli shekli ayirmali sxema dazilgen ham diskret
maselenin birinshi menshikli manisinin (m.m.) berilgen maselenin birinshi menshikli
manisine jiynaqliligi ham diskretlik birinshi menshikli funkciyalarinin (m.f.) berilgen
maselenin birinshi menshikli funkciyasina halsiz jiynaqli bolatugini dalillengen.

[limnin ham texnikanin koplegen mameleleri, misali, terbelis ham ornigliliqgqa
baylanisli maseleleri modellestiriw basqishinda elliptikaliq tiptegi operator ushin
spektralliq maselelerdi  sheshiw zararligine alip keledi. [1] jumisinda kesindili-
analitikaliq shegarali oblastinda koefficienti analatikaliq boliw1 esapqa alinip 6z-6zine
tayinles ekinshi tartipli elliptikaliq operatordin m.m. nin L, kenisliginde O(h)
jiynagliliq bahasi alingan. [2] jumisinda Laplas operator1 bes tochkali shekli ayirmali
operator menen approksimaciyalanadi. Sonda shegarasi shekli sandagi kesindili-
analitikaliq tuy1q iymekliktin ishki mayeshi n den tlken bolmagan oblastlar ushin m.m.
nin L, kenisliginde O(h?) jiynagliliq bahas1 alingan. Ten 6lshemli metrikada, egerde
oblastti ishki muyeshleri n/2 den tlken bolmaganda m.f. nin qateligi ushin O(h?Inh)
bahas1 alingan.

1.1. Maselenin qoyiiwi. Meyli m.m. ham m.f. tabiwga arnalgan tdmendegi
tenlemeni ganaatlandiratugin maseleni qarastirayiq:

ﬂ‘[au ov Jdu 6V+ (au 6V+6u av)]dﬂ—
5X1 aXl aXZ aXZ a aXl aXZ aXZ aXl B
0
=\ ff, uvdQ, xameren veW; (), |af < 1,xeQ, (1.1)
U|r=0, (12)

0
bunda Q-shegaras: I" bolgan {0<x;<l;, i=1,2} tuwrimuayeshlik, W () —Sobolev
kenisligi.
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Bul masele tomendegi variaciyalig maselesine ekvivalent boladi: sonday

ud;)vz1 (Q2) funkciyasin tabiw kerek, mina tomendegi kvadratliq formulasi
=0, (G + (32) 2t an

mina tdmendegi shartinde

Hul=ff, uw*dQ=1, ulr=0

en kishi manisine 1ye bolsin.

Bul minimum en kishi m.m. ti aniqlayd1

AM=minD[u]=DJ[u]

ham birinshi m.f. da erisiledi.

Manisi boyinsha ekinshi m.m. ham ogan saykes keliwshi m.f. dal usinday (A4, U)
dey mina qosimsha ortogonalliq shartin

UU1UdQ=O
Q

qanaatlandirganda aniglanadi.

1.2. Diskretlik masele.

Meyli tuwrnimuyeshliktin tarepleri |; 6z-ara saykeslestirilgen bolsin. Tuyiq Q
oblastinda mina tyinlerden ibarat X=(X1,X2), Xs= ish, is= 0,1,2,..., Ns, h=1/Ns, s=1,2
tuwrt muyeshli torlardi kirgizemiz. Ishki tiyinlerdin képligin o={x,is=1,2,...,Ns-1}, al
shegaraliq tiyinlerdi y —y( )Uy(l) Uy( )Uy(_z), arqal1 belgileyik, bunda y(s)—{x, Is= N,
i,=1,2,..., N,-1}, y®={x, is=0, i,=1,2,..., N, } belgileymiz.

Berilgen (1.1),(1.2) maselenin d1skretlik analogi sipatinda mina tomendegi
maseleni qarastiramiz:

APy +oBly+h?BBly+APy =0, xew (1.3)

y=0, Xe 'y (1.4.)
bunda

Ahy YX1X1 + Yszzl Bly YX1X2 + Y)_(lel Bzy YX1X1X2X2’ B:(1+30L+20LZ)/6.

o torinin tayinlerinde berilgen ham vy shegaliq tayinlerinde nolge aylanatugin
torlig funkciyalardin Y kenisligin kirgizemiz. (1.1) maselesine saykes keliwshi
variacialiq maselenin kvadratliq funkcional: tomendeg: targe iye boladi:

DMy=(yz;, s + (Vi D)a +20(¥sg, Vi)t - WP, L1
N; ©N N; ¢Np- N;-1 N
bunda  (,)= B T2 (L )s= LT ()Xl A
Variacialiq méselenin kavadratliq funkcionali m.m. hdm m.f. m1 tdbmendegishe
aniqlaydi: torliq funkciyani Y klassinda D"y funkcionalinii
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Hhy== ¥ 32y =1 (1.5)
shartin qanaatlandirgandagi minimumi en kishi m.m. ti beredi, yagniy
Al = min D"y = DPy,

XeEW
ham (1.3),(1.4) maselesinin y; m.f. sinda &melge asadi
1.3. Halsiz jiynaqlhihgq.
(1.1) birdeyliginin diskretlik analogin qarastiramiz

N; N
Yics j:zl[Y)_(l Ng, + Yz,Nx, + a(Vg, Nz, * Yz, Ng,) — h? Byz,z,Nx,%, 1h* =
N;—1 wNy—
=Yic1 121-:21 1Yij n;h?, Vney (1.6)

Shekli ayirmali A! m.m. nin berilgen maselenii A; m.m. ne jiynaqliigm ham
shekli ayirmali y; m.f. nin U berilgen maselenin birinshi menshikli funkciyasina halsiz
jiynagl bolatugmin korsetemiz. Meyli h nolge jiynagl bolatugin gandayda bir sanl
izbe-izlikti payda etsin. Biz daslep Al shamasimin manisi jogaridan h boyinsha ten

0
6lshemli bazibir san menen shegaralanganligin korsetemiz. Haqiyqatinda da C? (Q)

kenisliginen qandayda bir ¢ funkciyasin alamiz ham D" [¢] shamas1 dizemiz. Barliq
jetkilikli kishi h ushin |, =0 sharti ormlanganhqtan, sonda

h
D1ol > b bolads,

HR[] —

Biragta h—0 umtilganda,
D"[¢] _, Dl¢]

HR[@]  Hle]

Bunnan tles izbe-izliktegi barliq A" mumleri bazibir san menen
shegaralanganlhigi kelip shigadi. DP[y] shegaralanganligman ham HP'[y] =1
bolganliginan D[§] ham H[¥] integrallarinin shegaralanganligi kelip shigadi, bundagi
y tomendegishe aniglangan toliqtirtwshi funkciya

i+1 _ . _
Yi+1 t Yz, i (X1 - Xl,i+1) + Yz, in (Xz Xz,j+1); 1i,j = 0,

Vij T Yxqij (X1 — Xl,i) t Vx,ij (Xz — Xz,j): lij <0,
bunda ll,] = Xl-Xl,i + X2'X2']'+1:0.

~

Sonligtan [3, 291 b.] jumisindagi 3.1 teoremasi boyinsha sonday hg ules izbe-
0Vng
6Xi

izlig1 ajiratiwga boladi, sonda §;,_ham funkciyalar1t W1 (Q) kenisliginde saykes

U ham % fankciyalarina halsiz jiynaqli boladi ham sonin menen birge H[ti] =1 bolad1

Diskretlik birdeylikte shekke 6tpesten aldin tomendegi anlatpanin € C* ushin
shegaralanganligin korsetemiz
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N; N
z z Y2,z N7, %, h?
i=1 j=1
Haqgiyqatindada Koshi-Bunyakovskiydin ham [4,320 b.] tensizliklerinen
paydalanip
hy, Ah
(A y!A Y)— 2(1 |OL|)(Ay Ay)01 (1'7)
bunda A - (1.3) tenlemesi menen aniqlangan operator, minagan iye bolamiz
1 1
N; N 2 /N; Ny 2
2 2 3 hivz
ZZY)_(l)_(Zh Zanlxzh < 20 = o) A" = M = const,
i=1j=1 i=1 j=1

bunda AP- (1.3),(1.4) maselesinif m.m.
natiyjede (1.6) diskretlik birdeyliginen h— 0 umtilgandagi shegine 6tsek mina
tomendegi birdeyligine iye bolamiz:

fy [=2 4+ 28 4 (222 4 22940 =2 ff, und®.

6x1 ax1 0x, 0x2 0x4 0x2 0x, 0x1
(1.8)
- - - 0 0
(1.8) birdeyligi vn € C*(Q) ushin ormlanatugin bolganhgtan, al C* (Q) kenisligi

0 0
W3 (Q) kenisligine tigiz boladi [17,345 b.]. Sonligtan (1.8) birdeyligi vn € W} (Q)
ushin orinlanadi.

Endi A =2, ham {i = u, ekenligin korsetemiz. Daslep A < A, ekenligin ornatamiz.

0
Meyli u € C2 (Q) funkciyasi ushin U]r=0 boladi ham

A= [ Dl M+ee>0

ham meyli

_hs _Dhs[ﬁ] _ 1

A THbs[a’ hs = /NS'

Varyaciyaliq principke tiykarlanip ?\}115 < APs | sonin menen birge hy — 0 da
Abs 52 boladi.h — 0 umtilgandag: shekke otip mina tensizligine iye bolamiz

A<A <A +e

Bumman & shamasmin erikli ekenligin esapqa alip A < A, tensizligine iye
bolamiz. Natiyjede, (1.8) birdeyligin itibarga alipp A = A;, i = u; ekenligine isenim
payda etemiz.
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