Educational Research in Universal Sciences

ISSN: 2181-3515 VOLUME 3| SPECIAL ISSUE 5 | 2024

DOI: https://doi.org/10.5281/zenodo.12670946

NONLINEAR REACTION-DIFFUSION EQUATIONS WITH FREE
BOUNDARY CONDITIONS

Norov Abdurahmon Qiyomiddin o‘g‘li
Senior lecturer at Renaissance Educational University

norov9770@agmail.com

AHHOTAIIUA
Uccnedoyemcs 3a0aua co c80000HOU  epaHuyell 011  KEA3UIUHEUHO20
napaboIuuecko20 YpasHeHus ¢ HeluHeuHou aodeekyuel. s pewenus 3adayu
VCMAaHABIUearomes anpuopuvie oyenku Hopm I énvoepa. Ha ocnoge anpuopmwvix
OYEHOK OOKA3AHO CYWecmB8o8anue U eOUHCMBEHHOCb PEULeHUS.
Kntoueeswvie cnoea: c60600uas epanuya, anpuopHvle OYeHKU, Cyuecmeosanue u

eOUHCMBEHHOCTb peuerusl.

1. INTRODUCTION. A large number of physical, biochemical and ecological
applications are associated with the reaction-diffusion problem, which is an
evolutionary equation in which the spatiotemporal changes in the variable under study
are due to diffusion in the spatial variable and nonlinear [1,2].

To date, various reaction-diffusion models have been constructed and studied (see
[3,4]). In known works, the convection term is linear and depends only on the
component density gradient [5]. However, in general, convection is also affected by
the density of the components, which in turn leads to non-linear convection. In [6], the
authors studied the problem with a free boundary for the reaction-diffusion equation
with a nonlinear convection term. They obtained the dichotomy result and presented a

constant asymptotic propagation velocity of the expanding front.
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In this paper, we study the problem with a free boundary in the following

formulation
k(wu; — du,,, — muu, = u(a — bu), (t,x)€ D, 1)
u(0,x) =up(x), 0<x <s(0) = sy, (2)
u,(t,0) =0, 0<t<T,u(t,s(t))=0 0<t<T, (3)
s'(t) = —pu,(t,s(t)), 0<t<T, 4)

where x = s(t) is the free boundary, which is defined together with the function
u(t,x). k(u) =k, forany u > 0, d, m, a, b, sy, u are positive constants. The initial
function wuy(x) satisfies uy € C2([0,s0]), u'g = Uy(sy) =0, uy > 0 in [0,s,) and

lim %% — .

x—5sg So—X
In [7] author considered the free boundary problem of quasilinear reaction-
diffusion equation with linear convection term (mu,,).
2.UNIQUENESS AND EXISTENCE OF THE SOLUTION
Theorem 1. Let s(t), u(t, x) be a solution to problem (1)-(4). Then there exist
positive constants M;, M, independent T such that
0<u(t,x) <M, (tx)€ED, (5)
0<s'(t)<M,, 0<t<T. (6)
Proof. The positivity of the function u(t,x) follows from the maximum principle.
To get the upper bounds, we proceed as follows. We construct an auxiliary
problem for an ordinary differential equation:

k(wu,(t) =u(a—bu), t>0,
u(0) = [[uolloo-

Its solution is given by the following explicit formula [7]:

0 oo aman
u = )
fotﬁ(ﬂ)(f(? e“(f)df)dwm
a b . ey — .
where a(t) = D) B(t) = O Comparing u(t, x) with u(t) yields that

u(t,x) < supu(t) = M.
t>0
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Further, taking into account the condition (4) and the positivity of the function
u(t, x) in the domain D, we find u, (t, s(t)) < 0. Therefore, we get s'(t) > 0.
To set an upper bound for s’(t), in problem (1)-(4), replacing
U(t,x) =u(t,x)+ N(x —s(t)) (7)
and we get the problem with respect to U(t, x)
{k(U)Ut —dUy,, —mulU, <u(a—mN) <0, (t,x)€D,

{U(O,x)zuo(x)+N(x—so)SO, 0<x<s,
ka(t, 0)=N, U(t,s®) =0, 0<t<T.

By choosing N > max{

Up
So—X

a
—, max
m X

} in D, then we have U(t,x) <0.

Therefore, taking into account (7), we find u,(t,s(t)) = —N, which is equivalent to
s'(t) < uN. The proof is complete.

First, we obtain a priori estimates for u(t, x). Due to the boundary conditions (3)-
(7), we cannot use the results of the work [8]. Therefore, we introduce the following

transformation

X
L=t Y=o

to straighten the free boundary. Then the domain D is transformed into the domain
D; ={(t,y):0<t<T,0<y< 1}, and the bounded function U(t,y) = u(t,x) is a

solution to the problem

U, — A(t,y, D)Uyy = B(t,Y,U,Uy), (t,y) €Dy, ®)
U0,y) = Ug(y) =up(soy), 0<y<1, )
U,(t,0)=0, U(1)=0, 0<t<T, (10)
d
where D; ={(t,y):0<t<T, 0<y<LA(tyU)= OO

_ f@) | ysr@®)+mu ") = — H*
B(t,y, U, Uy) = + 20 5T Uy, 8'(0) = =<5 U, (6,5(0).

Theorem 2. Suppose that a function U(t,y) continuous in D; satisfies the
conditions of problem (8)-(10) Assume that, for (t,y) € D,, |U| < M; and any U,,,
continuous functions A(t,y, U) and B(t,y, U, U,) satisfy the condition
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|B(t1le;Uy)|
A(t,y,U)

<KUZ+1), K>0. (11)
Under the conditions (11), the following estimate is valid

U, (t,y)| < M3(My, M, min4, K, 8), (t,y) € DY.
In addition, in the domain {(t,y) € D4, |U| < M, |Uy | < M3} we have the

estimate

hEl d
|U|E SM4(M1,M2,2_,K,6).
3 SOkO

And if it is also known that U(t,y) possesses in D; summable with a square
generalized derivatives Uy, U,,,, then

¢ K,5), 0<a<l.
ko

ta S MS(MI'M2' M3's§

1+a —

U]

If Ulr=o,y=0y=1) =0, then the estimates are also valid in Dy; where
I'(t=0,y=0,y=1) is a parabolic boundary, D¢ = {(t,y):0<8§<t<T, 6§ <
y<1-56}.

Since the estimates |u(t,x)| < My, |s'(t)|] < M,, have been established, the
estimates of Theorem 2 are obtained by virtue of Theorem 3 in [8].

Theorem 3. Under assumption of Theorems 1 and 2, problem (1)-(4) has a unique

solution.
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